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Abstract 

In extended supergravity theories there are p-brane solutions preserving different num¬ 
bers of supersymmetries, depending on the charges, the spacetime dimension and the num¬ 
ber of original supersymmetries (8, 16 or 32). We find U-duality invariant conditions on 
the quantized charges which specify the number of supersymmetries preserved with a par¬ 
ticular charge configuration. These conditions relate U-duality invariants to the picture of 
intersecting branes. The analysis is carried out for all extended supergravities with 16 or 
32 supersymmetries in various dimensions. 
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1. Introduction 


Extended supergravity theories contain BPS black hole solutions which preserve some 
supersymmetries. Given a generic charge conhguration we can End an extremal black 
hole solution, extremal in the sense of the cosmic censorship bound, i.e. the black hole 
solution with a mass that saturates the bound coming from demanding that there be no 
naked singularities. In some cases the extremal black hole is also BPS and in some 
others it is not BPS. Even in the case when the extremal solution is supersymmetric it 
can preserve different numbers of supersymmetries. The charges transform under a group 
G characteristic of the supergravity theory. We show how different cases are separated by 
G-invariant conditions on the charges. 

Maximally extended supergravities in d spacetime dimensions are the low energy limit 
of type II (A or B) string theory compactihed on a lO-d dimensional torus. The classical 
supergravity theories are formulated in terms of an underlying non-compact group G 
which is G = En-d, i.e. Gy in four dimensions, Eq in hve dimensions, E^ = 5'0(5, 5) 
in six dimensions, E^ = SL{5,R) in seven dimensions, E 3 = SL{3,R) x SL{2,R) in 
eight dimensions and E 2 = SL{2,R) x 0(1,1) in nine dimensions. These theories contain 
some Abelian p + 1-form potentials which, for each p, arrange themselves into multiplets 
of the group G. They also have a large number of scalar fields which hve in the coset 
space G/H, where H is & maximal compact subgroup of the non-compact group G. Even 
though the symmetry of the theory is only H the charges transform under the group G. 
In the full quantum theory, charges are quantized and the duality symmetry is broken 
to a discrete subgroup G(Z), which is the U-duality group [||. Classical supergravity 
solutions correspond to the limit of large values of integer quantized charges. In this 
case the action of G(Z) becomes almost continuous, so we will consider the action of the 
continuous group. We normalize the charges so that they become integers in the quantum 
theory. The various p -|- 1-forms couple to p-dimensional objects and we always consider 
p < d — 3 so that helds decay fast enough at inhnity, enabling the action of the various 
(super)symmetry generators on the conhguration to be well dehned. If this condition is 
not satished the geometry will not be asymptotically Minkowski in the presence of a brane. 
Conhgurations with p and d — p — A are related by Dirac electric-magnetic duality. The 
corresponding charges transform in the gradient and contragradient representations of the 
group G, except for the case p = where the same representation includes both electric 
and magnetic objects. The commutator of two supersymmetries contains several “central 
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charge matrices”. These central charge matrices depend on the charges and on the modnli 
of the theory, which are the valnes of the scalar helds at inhnity. By nsing a transformation 
in the gronp H it is possible to rednce the central charges into a normal form where they 
are “diagonal” |^. BPS states with enhanced snpersymmetry restrict the eigenvalnes of 
the central charge matrices, giving constraints on the charges. The central charges in the 
normal frame still depend on the modnli. These are residual G/H transformations that 
keep the diagonal structure of the matrix in the normal frame. These tranformations are 
just some number of 0(1,1) rotations. We can view this choice of the normal frame as 
choosing a particular background of a square torus where the charges are aligned in a 
simple way on the torus. The residual transformations are related to the possibility of 
changing the size of the torus, etc. P]. 

In the case of extremal BPS black hole solutions it is possible to write the entropy 
in terms of the charges in a U-dual fashion. This makes use of particular quartic 0 and 
cubic 0 0 invariants in 4 and 5 dimensions respectively. This is the situation when the 
charges are generic. There are however some charge conhgurations for which the area of the 
black hole horizon is zero, and also some conhgurations which preserve a larger number of 
supersymmetries. There are also conhgurations that do not preserve any supersymmetries. 
In diherent dimensions the number of possible preserved supersymmetries can be calculated 
as follows. A localized particle-like conhguration breaks the Lorentz group into the little 
group SO{d—l). The preserved supersymmetry has to be in a representation of SO{d—l). 
For d = 4,5 the spinor representation has 4 real components and for d = 6,7,8,9 the 
spinor representation has 8 real components. So depending on the number of original 
supersymmetries (which is 32 in the maximal case) we have diherent numbers of possible 
preserved supersymmetries: 1/2, 1/4, 1/8 depending on the dimension. For example, in 
d > 6 we can have only 1/2 or 1/4 BPS solutions. 

We write down U-duality invariant expressions which separate the various cases. We 
also argue that one can choose a “basis” for the charges in which each element by itself 
breaks 1/2 of the supersymmetry and that, taken together, they break more supersymme¬ 
tries. This “basis” has a representation in terms of intersecting branes. 

We can decompactify the d-dimensional theory into a d — 1 dimensional one by letting 
one of the radii of the torus go to inhnity. The duality group decomposes as 
EiQ-d X 0(1,1) where the 0(1,1) is related to the T-duality symmetry that is lost when 
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a circle becomes infinitell. It will be useful to analyze the behaviour of the representations 
under this decomposition. 

It is also instructive to decompose under S, T duality. The decomposition reads 

Eii-d 0(1,1) X 0(10 — d, 10 — d) for d > 5 and Ej SL{2, R) x 0(6, 6 ) for d = 4 . 

This decomposition separates NS and R charges in string theory. 

This paper is organized as follows: In section 2 we analyze maximal supergravities (32 
supersymmetries) in various dimensions and for different extended objects. The conditions 
for a state to preserve different numbers of supersymmetries are presented. In section 3 
the analysis is extended to theories with 16 supersymmetries in d = 4, 5, such as heterotic 
on T®, or the dual type II on RTd x T^, etc. 


2. Maximal supergravity in various dimensions, 4 < d < 9 
2.1. Five dimensions 

We start with the hve-dimensional case. We have 27 Abelian gauge helds which 
transform in the fundamental representation of Eq. The electrically charged objects are 
point-like and the magnetic duals are one-dimensional, or string-like. The hrst invariant of 
Eq is the cubic invariant Is = Tij^q^q^. In fact, the entropy of a black hole with charges 
g* is proportional to ^/Ts [§ 0 . We will see that a conhguration with Is ^ 0 preserves 1/8 of 
the supersymmetries. If /a = 0 and 7 ^ 0 then it preserves 1/4 of the supersymmetries, 
and hnally if = 0 (and the charge vector g* is non-zero), the conhguration preserves 1/2 
of the supersymmetries. We will show this by choosing a particular basis for the charges, 
the general result following by U-duality. 

In hve dimensions the compact group H is 175'p(8).@ In the commutator of the su¬ 
persymmetry generators we have a central charge matrix Zab which can be brought to a 
normal form by a USp{8) transformation. In the normal form the central charge matrix 
can be written as 


/S1+S2- Ss 

0 

0 



0 

Si + S3 - S2 

0 

0 

<a( ° M 

0 

0 

S2 + S3 - Si 

0 

V-i 0/ 

V 0 

0 

0 

— (si -|- S2 + S3) / 



^ In the quantum theory 0(1,1) ^ Z 2 . 

^ We choose our conventions so that USp{2) = SU{2). 
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we can order Si so that si > S 2 ^ Isal- The cubic invariant, in this basis, becomes 


h ^ ^ S1S2S3 


( 2 . 2 ) 


Even though the eigenvalues Si might depend on the moduli, the invariant (|2.2|) only 
depends on the quantized values of the charges. We can write a generic charge conhguration 
as Uell^, where e is the normal frame as above, and the invariant will then be (|2.2| ). There 
are three distinct possibilities 


I 3 = 0 , 
I 3 = 0 , 


h^O 

dh , 

dq^ 


= 0 


si, S2, S3 7^ 0 

Si, S2 7^ 0 , S3 = 0 

Si 7^ 0 , S2, S3 = 0 


(2.3) 


Taking the case of type II on T® we can choose the rotation in such a way that, for 
example, si corresponds to solitonic hve-brane charge, S 2 to fundamental string winding 
charge along some direction and S 3 to Kaluza-Klein momentum along the same direction. 
We can see that in this specihc example the three possibilities in ( p.3|) break 1/8, 1/4 
and 1/2 supersymmetries. This also shows that one can generically choose a basis for the 
charges so that all others are related by U-duality. The basis chosen here is the S-dual of 
the T>-brane basis usually chosen for describing black holes in type II B on [IM [O . All 


others are related by U-duality to this particular choice. The sign of the invariant (|2.2|) is 
not important since it changes under a CPT transformation. 

In hve dimensions there are also string-like conhgurations which are the magnetic 
duals of the conhgurations considered here. They transform in the contragradient 27 rep¬ 
resentation and the solutions preserving 1/2, 1/4, 1/8 supersymmetries are characterized 
in an analogous way. We could also have conhgurations where we have both point-like and 
string-like charges. If the point-like charge is uniformly distributed along the string, it is 
more natural to consider this conhguration as a point-like object in d = 4 by dimensional 
reduction. 

It is useful to decompose the U-duality group into the T-duality group and the S- 
duality group [|^. The decomposition reads Eq 0(5,5) x 0(1,1), leading to 


27 I 61 + 10_2 + U 


(2.4) 


The last term in ( p.4|) corresponds to the NS hve-brane charge. The 16 correspond to the 
D-brane charges and the 10 correspond to the 5 directions of KK momentum and the 5 
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directions of fundamental string winding, which are the charges that explicitly appear in 
string perturbation theory. The cubic invariant has the decomposition 

{27f 10_2 10_2 I 4 + I 61 I 61 10_2 . (2.5) 

This is saying that in order to have a non-zero area black hole we must have three NS 
charges (more precisely some “perturbative” charges and a solitonic hve-brane); or we can 
have two D-brane charges and one NS charge. In particular, it is not possible to have a 
black hole with a non-zero horizon area with purely D-brane charges. 

Notice that the non-compact nature of the groups is crucial in this classihcation. 


2.2. Four dimensions 


In four dimensions the duality group is Ej- and the charges transform in the 56 repre¬ 
sentation of E 7 . In this case electric and magnetic charges are all point-like and are included 
in the same representation of the duality group. The invariant is quartic I 4 = Tijkiq^q^ 
0113] [n| and it can also be expressed in terms of the central charge matrix ZAsiq, <P)- Of 
course, the dependence on the scalar helds drops out from the expression for I 4 . Again, 
by performing an SU{ 8 ) transformation one can choose the charges in the normal frame 
form 


Zab = 


fZl 

0 

0 



0 

2^2 

0 

0 


0 

0 

Z3 

0 

09 1 

V 0 

0 

0 

^4 / 



0 


(2.6) 


where Zi = are complex. Actually the relative phases of Zi can be changed, but the 

overall phase ^ = cannot be removed by an SU ( 8 ) transformation; it is related to an 
extra parameter in the class of black hole solutions [|T^ . In this basis the quartic invariant 
takes the form 0 


/4 = ^ IZil'^ “ 2 ^ \Zi\'^\Zj\'^ +4 {ziZ2Z3Z4 -|- Z 1 Z 2 ZSZ 4 ) 
i i<j 

= (Pl + P2 + P3 + P4)(Pl + P2 — P3 ~ P4)(Pl — P2 + P3 “ P4)(Pl “ P2 “ Ps + Pa) + 

+ 8pip2P3P4(cOS(p - 1) . 

(2.7) 


It was shown in [Q |T^ that for a 1 /8 supersymmetric solution 


MBPs{(t>h,q) = , zi{(l)h,q) Zi{(t)h,q) = 0, i = 2,3,4, (2.8) 
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where (ph are the values of the moduli at the horizon, given by ratios of the quantized 
charges 01 ]T8| . This implies that I 4 > 0 for a BPS solution and if h < 0 then the 
extremal solution is not BPS (as opposed to d = 5 where the sign of Is was not important). 
We also see that at the horizon we can choose (ph — 0. 

The condition for a 1/4 BPS state is 




\z3{(p,q)\ = \z4{(p,q)\- 


(2.9) 


This happens when = 0, in the normal frame this implies, in particular, (p = 0 and also 

oz-i 

Pi = P 2 , Ps = P 4 - We then see that there is no extra phase if the conhguration preserves 
at least 1/4 supersymmetry. 

If the state preserves 1/2 of the supersymmetries the condition on the central charges 
is (/) = 0, Pi = P 2 — P 3 — P 4 This translates into the condition that the second 
derivatives of I 4 projected on the adjoint representation vanish. 


d^h 


dq^dq^ 


Adj. 


Tijkiq q \Adj — 0 . 


( 2 . 10 ) 


There is no constraint on the 1463 representation of Ef present in the above symmetric 
polynomial [^. Note that under SU{ 8 ): 1463 = 1 + ■ ■ •, where the singlet is the 1/2 BPS 
mass which can be extracted from I 4 as follows 


^BPS — ~ 


1 


d^L 


^ dzidzi 


- = P 


( 2 . 11 ) 


If the phase vanishes, I 4 becomes 


h = = S1S2S3S4 , 


( 2 . 12 ) 


where we have dehned Si by 


51 =Pl + P2 + P3 + P4: 

5 2 =Pl + P2 — P3 — P4 

5 3 —Pl — P2 + P3 — P4, 

5 4 =Pl — P 2 — P3 + P4 


(2.13) 
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and we order the Si so that si > S 2 > sa > |s 4 |. Now the distinct possibilities are 


dh 

dq^ 


0 , 


Ia = 0 , 

d^h 

dq^dq^ 

d^h 

dq^dq^ 


/ 4^0 

Sl,S2, S3, S4 7^ 0 

dh , 



Si, S2, S3 7 ^ 0 , S4 = 0 

^0 

Si,S2 7 ^ 0 , S3,S4 = 0 

AdjEr 


= 0 

Si 7^ 0 , S2, S3, S4 = 0 

AdjEr 



(2.14) 


We can choose a basis of fonr charges {qi)i, I = 1,2, 3,4 such that for each element 
only s/ 7^ 0 and Si = 0, i ^ I. Any charge vector is then related by an E-j rotation to a 
conhguration with only these four charges if the phase vanishes. An example of this would 
be a set of four D-three-branes oriented along 456, 678, 894, 579 (where the order of the 
three numbers indicates the orientation of the brane). Note that in choosing the basis the 
sign of the D-3-brane charges is important; here they are chosen such that taken together 
with positive coefficients they form a BPS object. The hrst two possibilities in (|2.14| ) 
preserve 1/8 of the supersymmetries, the second 1/4 and the last 1/2. It is interesting that 
there are two types of 1/8 BPS solutions. In the supergravity description, the difference 
between them is that the hrst in (|2.14|) has non-zero horizon area. If /4 < 0 the solution is 
not BPS. This case corresponds, for example, to changing the sign of one of the three-brane 
charges discussed above. By U-duality transformations we can relate this to conhgurations 
of branes at angles such as in . 

Going from four to hve dimensions it is natural to decompose the ^ Eq x 0(1.1) 
where Eq is the duality group in hve dimensions and 0(1,1) is the extra T duality that 
appears when we compactify from hve to four dimensions. According to this decomposition 
the representation breaks as 56 ^ 27i-|-l_3-l-27'_i-|-l3 and the quartic invariant becomes 


58“ = (27i)=‘i_ 3 + (27'_i)“l3 + l3l3l_3l_3 + 27i27i27'_i27'_i + 27i27'_il3l_3 

(2.15) 

The 27 comes from point-like charges in hve dimensions an the 27' comes from string-like 
charges. 

Decomposing the U-duality group into T- and S-duality groups, E-j SL{2,R) x 
0(6, 6) we hnd 56 ^ (2,12) -f (1, 32) where the hrst term corresponds to NS charges and 
the second term to D-brane charges. Under this decomposition the quartic invariant (|2.12| ) 
becomes 56^ ^ 32^ + (12.12')2 4-32^.12.12'. This means that we can have conhgurations 
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with a non-zero area that carry only D-brane charges, or only NS charges or both D-brane 
and NS charges. We can then express the charges as cab — where cr = 1,2, 

z = 1,..., 12 is the vector index and a = 1,32 is the spinor index. In order to gain some 
light on the conditions in (|2.14|) involving the projections on the adjoint we decompose 
them according to the S-T-dnality gronps. The adjoint representation of ify decomposes 
as 133 (3,1) + (1,66) -f (2,32). The last condition in ( p.l4|) becomes, with this 

decomposition. 


d^h 


dS^dS^ 
d^h 




d^h 


defde^ 

^ J 


^af3 6 , 


dS^def 


{'yi)ab — 0 , 


d^L 


(2.16) 


de^de^ 


Vij = 0 


where 7 ® are the 0 ( 6 , 6 ) gamma-matrices. 

An interesting case where I 4 is negative corresponds to a conhguration carrying electric 
and magnetic charges nnder the same gange gronp, for example a 0 -brane plus 6 -brane 
conhguration which is U-dual to a KK-monopole and plus KK-momentum . This 

case corresponds to Zi — and the phase is tan (p/4 — ejg where e is the electric 

charge and g is the magnetic charge. Using (|2.7] ) we hnd that /4 < 0 unless the solution 
is purely electric or purely magnetic. In ||2^ it was suggested that 0-1-6 does not form 


a supersymmetric state. Actually it was shown in that a 0 - 1-6 conhguration can be 
T-dualized into a non-BPS conhguration of four intersecting D-3-branes. Of course, /4 is 
negative for both conhgurations. Notice that even though these two charges are Dirac dual 
(and U-dual) they are not S-dual in the sense of hlling out an SL(2, Z) multiplet. In fact, 
the KK-monopole forms an SL{2, Z) multiplet with a fundamental string winding charge 
under S-duality ||2^ . 


2.3. Six dimensions 

In this case the duality group is 0(5,5) and we have vector helds and two form held 
potentials. The vector helds couple to point-like conhgurations and their magnetic duals 
to two-dimensional conhgurations. The two-form potentials and their magnetic duals both 
couple to one dimensional string-like objects. All point-like charges belong to the 16 
representation (spinor of 0(5,5)) while one-brane charges belong to the 10 (vector of 
0(5,5)). 
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Going from five to six by decompactifying one dimension leads to the decomposition 
Eq 0(5, 5) X 0(1,1) and the representations decompose as 


27->16i + 10_2 + I 4 

27' + IO2 + 1-4 . 


(2.17) 


The I 4 corresponds to KK momentnm and the 1_4 to KK monopole charge. From gronp 
theory, this is the same decomposition as in ( p.4|) but the interpretation is different. The 
cubic invariant has the decomposition 


(27)=’ ^ 10_2 10_2 I4 + I61 16, 10_2 . 


(2.18) 


Solutions carrying one-brane charge can preserve 1/2 or 1/4 of the supersymmetries 
according to whether the vector 10 is null or not, respectively. Similarly a point-like 
solution, characterized by the spinor S^, can preserve 1/2 or 1/4 according to whether 
is zero (as a vector) or not, respectively. We see that both conditions are U- 
duality invariant. 

A one-dimensional solution can also carry “zero-dimensional” charge; this charge can 
be spread uniformly along the string. These conhgurations can break more supersymme¬ 
tries, leaving only 1 / 8 , when the invariant I 61 I 61 10_2 is non-zero, and they have a 
natural interpretation as black holes in d = 5. 


S.4- Seven dimensions 

The duality group is SL(5). We have again vector potentials and two-form potentials. 
So we have point-like conhgurations whose magnetic duals are three-branes and stringlike 
conhgurations whose magnetic duals are two-branes. In going from six to seven dimensions 
the duality group breaks as 0(5,5) —> SL(5) x 0(1,1) and the representations 10 ^ 
62 + 5 '_ 2 , 16 —> 10-1 - 1 - S'a -f 1 - 5 . The point-like charges belong to the antisymmetric 
tensor 10 and the string-like solutions to the 5' (vector), and the three-branes and two- 
branes to 10' and 5, respectively. Going to six dimensions the 5' and 5' correspond to 
leaving the string unwrapped or to wrapping it in the extra circle, respectively. In the type 
IIA the point-like charges would be the 3 directions of KK momentum, DO-brane charge, 3 
directions of fundamental string winding, and 3 possible D2-brane wrapping modes. The 
string like-charges are 1 D4-brane, 3 D2-branes and one fundamental string. The two- and 
three-brane charges are the magnetic duals of these. 
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The invariants break as 


10 ^ ^52 5'_2 

16 16 10 -^ 10 _i S'a 5'_2 + 63 S'a 1_5 + 10 _i 10 _i 5s 


(2.19) 


We see that there is no qnadratic condition we can impose on a 5; this is related to 
the fact that all one-dimensional conhgnrations with only string charges break 1 /2 of the 
snpersymmetries (a fnndamental string ending on a D-brane wonld preserve 1/4 bnt the 
conhguration would have to extend along two different directions in space). On the other 
hand we can have point-like solutions preserving 1/2 or 1/4 of the supersymmetries accord¬ 
ing to whether the is zero or not respectively {T^j is the 10 representation). 

The M(atrix) theory description involves the (0,2) non-trivial hxed point theory de¬ 
scribing the world-volume degrees of freedom of coincident 5-branes in M-theory. M-theory 
on is dehned by compactifying this (0,2) theory on [^|. The SL(5,Z) duality sym¬ 
metry is just the modular group of a hve-torus [^. The (0,2) theory contains a two-form 
potential with a self dual three-form held strength. The poin-tlike charges correspond to 
huxes along three of the spatial dimensions of the hvetorus, they are naturally in the 10 of 
SL(5). The string-like solutions correspond to momentum modes along the torus. The hve 
possible directions give the hve possible string-like charges. They represent strings along 
the longitudinal direction of the M(atrix) description . 


2.5. Eight dimensions 

In eight dimensions the duality group is SL(3,Z)xSL(2,Z). We have point-like conhg- 
urations and their magnetic 4-brane duals, string-like conhgnrations and their magnetic 
3-brane duals, and hnally two-brane conhgnrations. The point-like conhgnrations Wab ai'e 
in 3 X 2, the string-like conhgnrations in 3' x 1 and the dyonic two-brane in 1 x 2. 

In M(atrix) theory, the description is based on a 3-1-1 YM theory on a torus. SL(3,Z) 
comes from the symmetries of the torus while SL(2,Z) comes from the S-duality of YM ||28|| . 
The six point-like charges correspond to huxes in the YM theory, the string-like charges 
correspond to momentu m modes along the three-torus. 

It is clear that there are no invariant conditions that select 1/4 or 1/2 in the case of 
solutions with purely string charges or purely two-brane charges. This hts in with the fact 
that those conhgnrations can only be 1/2 BPS. 

The point-like solutions could be 1/2 or 1/4 BPS according to whether e°'^WaaW/ 3 b is 
zero or not, where Waa are the point-like charges. 
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2.6. Nine dimensions 


In nine dimensions the duality group is SL(2, Z) x Z 2 . The point-like charges belong 
to 2 (va) and 1 (v). In the IIB case they would correspond to the two wrapped strings, 
the fundamental string and the D-string, and the KK momentum mode. The string-like 
charges are in 2 (the fundamental string and the D-string), the two-brane charge is a 
singlet 1 (from the ten-dimensional D3-brane) and the rest are the magnetic duals of the 
above. 

With point-like charges we can preserve 1/2 of the supersymmetries if n = 0 or Uq, = 0 
(i,e Wet = 0) and 1/4 if both are non-zero. 


3. Supergravities with 16 supersymmetries 

Now we turn to the discussion of supergravity theories with 16 supersymmetries like 
= 4 in d = 4. We will analyze the d = 4, 5 cases. If we take a supergravity theory 
with n matter multiplets the duality groups are SL{2, R) x 0(6, n) and 0(1,1) x 0(5, n) 
respectively. If we think of heterotic strings on T® then n = 22 and SL(2, Z) in the 
S-duality symmetry of iV = 4 four dimensional heterotic strings. 


3.1. Five dimensions 


The charges form a vector Qi under 0(5, n) and a singlet Qh- There are two invariants 
Qh and Q^. In order for a state to be BPS we need > 0. If either Qh = 0 or = 0 
(as a vector) 1/2 of the supersymmetries are preserved and only 1/4 are preserved if both 
are non-zero. In addition, when QhQ^ is non-zero, the corresponding configuration gives 
rise to a black hole with non-zero entropy. Strominger and Vafa computed the microscopic 
entropy of these black holes using D-branes for a general conhguration |^. They did 
the computation for the type II theory on ATS x S\. The charge Qh corresponds to KK 
momentum along Si and the charges Qi correspond to D1-, 113- and 115-branes wrapping 
along Si and a 0-cycle, a 2-cycle, and a 4-cycle on K3 respectively. 
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3.2. Four dimensions 


In four dimensions we have electric Qi and magnetic Pi charges, which are vectors 
of 0(6, n) and together form a doublet of SL(2,Z). It is sometimes convenient to write 
the charges as Vai = (Qi,Pi) where a = 1,2 is the SL(2,Z) index. We can form the 
symmetric matrix Map = VaiVpjrj'^^ where ryb is the 0(6, n) metric. The black hole 
entropy is proportional to 

^ = ^det(M) = ^Q^P‘^ - (Q.Py (3.1) 


which is clearly invariant. 

The condition for having a BPS solution is that Map is semi-dehnite positive which 
means that detM > 0 and Mu > 0, which implies, in particular, that > 0 and P^ > 0. 

The condition for having a 1/2 BPS solution is that e'^^VaiVpj — 0 which means 
that Q and P are parallel vectors, so that by means of an SL(2, Z) transformation the 
conhguration can be dualized into one with only electric (or only magnetic) charges. We 
can present this statement, in analogy to ( |2.10|) , by saying that the projection of the second 
derivatives of the invariant detM projected on the adjoint of 0(6, n) vanishes. As in = 8, 
there is generically a phase that cannot be removed. This is a phase between the central 
and matter charges, reflecting the fact that hve parameters are necessary to obtain the 
general solution |T^. Again this phase automatically vanishes if we have a 1/2 BPS state. 
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